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Abstract 

Using semi-groups theory, regularity results and a theorem associated to the 
Lumer Phillips theorem, we prove the existence of global solution for a coupled 
wave system. Also, using multiplicative techniques and the classic Gearhart 
theorem, introduced in Liu-Zheng [7], we prove that energy associated to the 
system decays exponentially to zero when .+∞→t  Here, we give two new and 
interesting proofs. 

Stability for a coupled wave system has been considered in [13], where they 
used Prüs result [12]. 

1. Introduction 

The study of asymptotic behaviour for dissipative systems is a very 
productive researching field in partial differential equations. In this way, 
to obtain rates of decay, some analytic techniques were used by several 
authors, for example, the Komornik method [5], the Nakao method      
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[10, 17, 18, 19], and the energy method [8, 14]. In this paper, we use 
another analytic technique introduced by Zheng [7], which is also applied 
to dissipative problems, like [15, 16]. This powerful -and apparently 
simple-method consist in exploring the dissipative properties of the semi-
group oC  associated to the system, through the resolvent of its 

infinitesimal generator. 

Since ( )tE  the total energy associated to coupled wave system, 

( ) { } ,2
1 2222 dxvvuutE tt +∇++∇= ∫Ω  

have a non positive derivative, that is ( ) ,0≤′ tE  the system is dissipative. 

Then, we want to know if ( ) 0→tE  when ,+∞→t  and what is its 

decay rate?. The answer is affirmative, that is, there exist positive 
constants C and γ  such that 

( ) ( ) teCEtE γ−≤ 0  for every .0>t  

This result extend the one in [9] in the sense that we allow higher 
dimension spaces and variable friction coefficient. 

Remember that if α  is a constant, then the stability result is satisfied 
to the model 

,0=α+− txxtt uuu  

we can cite [16]. And also, it is true to the model 

( ) .0=α+− txxtt uxuu  

It can see, for example, in [3, 4, 19]. 

Stability for coupled wave system has been considered in [1, 2, 6, 9, 13] 
among others. 

Thus, our main goal is to prove the existence and uniqueness of global 
solution of a coupled wave system and its exponential stability. 
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We prove the existence of global solution for a coupled wave system 
by using semi-groups theory. Here, we give a full proof. Also, using 
multiplicative techniques and the classic Gearhart theorem, introduced in 
Liu-Zheng [7], we prove that energy associated to the system decays 
exponentially to zero when .+∞→t  Here, we give two interesting proofs. 

Our paper is organized as follows. In Section 2, we state the 
preliminary results that we will use. In Section 3, we prove the existence 
and uniqueness of global solution. In Section 4, we prove the exponential 
decay of the solution. 

2. Preliminaries 

To prove existence of solution, we will use a result associated to 
Lumer Phillips theorem. Here, we state this important result. The proof 
can be seen in Pazy [11]. 

Theorem 2.1. Let A be a linear operator with domain ( )AD  dense in 

a Hilbert space. If A is dissipative and ( ),0 Aρ∈  then A is the 

infinitesimal generator of a oC  semi-group of contraction in this Hilbert 

space. 

We know that the problem of providing an estimate to the energy 
( )tE  of the form 

( ) ( ) ,0,0 ≥∀≤ − teCEtE wt  

is equivalent to providing exponential stability for semi-group ( )tS  

( ) ,0, ≥∀≤ − tCetS wt  

we cite Liu-Zheng [7]. 

A necessary and sufficient condition for a semi-group oC  to be 

exponentially stable is given by the following result: 
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Theorem 2.2 (Gearhart). Let ( )( ) 0≥ttS  be a oC  semi-group of 

contraction in a Hilbert space. Then, ( )( ) 0≥ttS  is exponentially stable (that 

is, 0,1 >µ≥∃M  such that ( ) 0, ≥∀≤ µ− tMetS t ), if and only if 

(a) ( ) { },,: RR ∈ββ=⊃ρ iiA  

(b) ( ) .suplim 1 ∞<−β −
∞→β AIi  

We will, respectively, use Theorems 2.1 and 2.2 to prove existence of 
solution and exponential stability of a coupled wave system. 

3. The Abstract Cauchy Problem and  
Existence of Solution 

Here, we study the following system of coupled wave equations: 

( ) ( ) ( ) ,,,0 +×Ω∈=−α+∆− Rtxvuxuu tttt   (3.1) 

( ) ( ) ( ) ,,,0 +×Ω∈=−α−∆− Rtxvuxvv tttt   (3.2) 

( ) ( ) ( ) ,,,0,, +×Ω∂∈== Rtxtxvtxu   (3.3) 

( ) ( ) ( ) ( ) ,,0,,0, 1 Ω∈== xxuxuxuxu to   (3.4) 

( ) ( ) ( ) ( ) ,,0,,0, 1 Ω∈== xxvxvxvxv to   (3.5) 

where nR⊂Ω  is a bounded domain with smooth boundary .Ω∂  Here α  is 

a function such that ( ) ( ) 0,,1 ≥αΩ∈α ∞ xW  in Ω  and ( ) .00 >α=α∫Ω dxx  

This means that ( )xα  can vanish at some points of ,Ω  but the measure of 

this support is positive. 

To get the energy associated to the system, multiply (3.1) by tu  and 

integrate on ,Ω  having 

{ } ( ) ( ) ,02
1 22 =−α+∇+
∂
∂ ∫∫ ΩΩ

dxuvuxdxuut tttt  (3.6) 

also multiply (3.2) by tv  and integrate on Ω  to have 
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{ } ( ) ( ) .02
1 22 =−α−∇+
∂
∂ ∫∫ ΩΩ

dxvvuxdxvvt tttt  (3.7) 

Summing (3.6) with (3.7), we get 

{ } ( ) .02
1 22222 =−α+∇+∇++

∂
∂ ∫∫ ΩΩ

dxvuxdxvuvut tttt  (3.8) 

Let 

( ) { } ,2
1: 2222 dxvuvutE tt ∇+∇++= ∫Ω  

be the energy associated to the system (3.1)-(3.5). Then 

( ) ( ) ,2dxvuxtE tt −α−=′ ∫Ω  

and since ( ) ,0≥α x  we have 

( ) ,0≤′ tE  

that is, the system is dissipative. 

With this ( )tE  in mind, we introduce the following space: 

( ) ( ) ( ) ( ),: 21
0

21
0 Ω×Ω×Ω×Ω= LHLHX  (3.9) 

endowed with the norm 

{ } ,: 2222 dxvvuU X /+∇+ϕ+∇= ∫Ω  

for ( ) .,,, XvvuU T ∈/ϕ=  

We remark that X is endowed with the scalar product 

>ϕϕ<+>∇∇<=>< 212121 ,,:, uuUU X  

,,, 2121 >//<+>∇∇<+ vvvv  (3.10) 
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where 

,2,1para, =∈
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and >⋅⋅< ,  denotes the scalar product in ( ).2 ΩL  Thus, X is a Hilbert 

space. 

Define 

,: tu=ϕ  

,: tvv =/  

then system (3.1)-(3.5) can be simplified to the following initial value 
problem or first order evolution equation on X: 

( )
( )

( ) ( ) ,,,,0

,

110
T

oo

t

vvuuUU

tAUU
AC

==

=
  (3.11) 

with 

( )

( ) ( )

,

0

000

0

000

:

























α−∆α

α−∆
=

IxIx

I

IxaI

I

A  (3.12) 

( ) ( ( ) ( )) ( ) ( ( ) ( )) ( ),: 1
0

1
0

21
0

1
0

2 Ω×ΩΩ×Ω×ΩΩ= HHHHHHAD ∩∩  (3.13) 

and ( ) .,,, TvvuU /ϕ=  

So, we have the following result: 
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Theorem 3.1. The operator A defined on (3.12)-(3.13) generates a oC  

semi-group of contractions ( )( ) 0≥ttS  in the Hilbert space X. 

Proof. Clearly ( )AD  is dense in X. Taking the scalar product of AU 

and U and using the Green’s identity, we have 

>ϕ∇∇<=>< ,, uUAU  

( ( ) ( ) ) >ϕ/α+ϕα−∆<+ ,vxxu  

>/∇∇<+ vv,  

( ) ( )( ) >//α−∆+ϕα<+ vvxvx ,  

>ϕ∇∇<−>ϕ∇∇<= ,, uu  

( ) ( ) >/ϕα<+>ϕϕα<− vxx ,,  

( ) >ϕ/α<+>/∇∇<+ ,, vxvv  

( ) >//α<−>∇/∇<− vvxvv ,,  

( ) ( ) >/ϕα<+>ϕϕα<−= vxx ,2,  

( ) >//α<− vvx ,  

( ){ }dxvvx 22 2 /+/ϕ−ϕα−= ∫Ω  

( ) ,02 ≤/−ϕα−= ∫Ω dxvx  

then A is dissipative. 

We claim that ( ).0 Aρ∈  In fact, we will prove that ( ).1 XLA ∈∃ −  

Let ( ) .,,, 4321 XffffF ∈=  We will prove that there is ( )ADU ∈  

such that ,FAU =  where ( ) .,,, TvvuU /ϕ=  Thus, we have 

,1f=ϕ   (3.14) 

( ) { } ,2fvxu =ϕ−/α+∆   (3.15) 
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,3fv =/   (3.16) 

( ) { } .4fvxv =ϕ−/α−∆   (3.17) 

Then 1f=ϕ  and .3fv =/  From (3.14) and (3.16) in (3.15), we get 

( ) { } .231 fffxu +−α=∆   (3.18) 

Then, by elliptic regularity results, exists a unique solution u in ( )Ω1
0H  

( ).2 ΩH∩  Now, using (3.14) and (3.16) in (3.17), we obtain 

( ) { } .431 fffxv +−α−=∆   (3.19) 

From elliptic regularity results, exists a unique solution v in ( ) ∩Ω1
0H  

( ).2 ΩH  That is, exists ( )ADU ∈  such that .FAU =  

By other hand, if ,0=AU  where ( ) ( ),,,, ADvvuU T ∈/ϕ=  we have 

,0=ϕ  

( ) { } ,0=ϕ−/α+∆ vxu  

,0=/v  

( ) { } ,0=ϕ−/α−∆ vxv  

then 0=ϕ  and .0=/v  Also, 0=∆u  and 0=∆v  imply 0=u  and .0=v  

Then exists .1−A  Now, we prove that 1−A  is continuous. 

Multiplying (3.18) and (3.19), respectively, by vu,  and integrating in 

,Ω  we have 

( ) { } ,231
2 udxfdxuffxdxuudxu ⋅+⋅−α=⋅∆=∇− ∫∫∫∫ ΩΩΩΩ

 (3.20) 

( ) { } .431
2 dxvfdxvffxdxvvdxv ⋅+⋅−α−=⋅∆=∇− ∫∫∫∫ ΩΩΩΩ

 (3.21) 

From (3.20) and using Holder and Poincaré inequality, we obtain 
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( ) { } dxufdxuffxdxu ⋅−⋅−α−=∇≤ ∫∫∫ ΩΩΩ
231

20  

( ) { } dxufdxuffx ⋅+⋅−α= ∫∫ ΩΩ
231  

( ) { } dxufdxuffx ⋅+⋅−α≤ ∫∫ ΩΩ
231  

( ) { } dxufdxuffx 231 ∫∫ ΩΩ
+−α≤  

( ) { } 222
2
1

2
1

2
2

31 LLL ufudxffx +






 −αα≤ ∫Ω∞  

( ) { } 222
2
1

2
1

2
2

31 LLpLp ufcudxffxc ∇+∇






 −αα≤ ∫Ω∞  

( ) { } 22
2

222
31

2
222 4

1
4
1

LLpLp ufcudxffxc ∇++∇+






 −αα≤ ∫Ω∞  

( ) { } .2
1 22

2
22

31
2

22 LLpp ufcdxffxc ∇++






 −αα= ∫Ω∞  

That is,  

( ){ } .22 2
2

22
31

22
2Lpp fcdxffxcdxu +







 −αα≤∇ ∫∫ Ω∞Ω
 (3.22) 

Analogously, from (3.21) and using Holder and Poincaré inequality, we 
obtain 

( ){ } .22 2
4

22
31

22
2Lpp fcdxffxcdxv +







 −αα≤∇ ∫∫ Ω∞Ω
 (3.23) 

Adding (3.22) with (3.23), we have 
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( ){ } .224 2
4

22
2

22
31

:1

222
22 LpLp

C
p fcfcdxffxcdxvdxu ++







 −αα≤∇+∇ ∫∫∫ Ω
=

∞ΩΩ �
�	�
 

(3.24) 

Multiplying (3.18) and (3.19), respectively, by 1f  and ,3f  we have 

( ){ } ,121311 fffffxfu +−α=⋅∆   (3.25) 

( ){ } .343313 fffffxfv +−α−=⋅∆   (3.26) 

Adding (3.25) with (3.26) and integrating in ,Ω  we have 

( ){ } { } .341231
2

31 dxfffffvfudxffx −−⋅∆+⋅∆=−α ∫∫ ΩΩ
  (3.27) 

From (3.27), Green’s identity and using Holder and Poincaré inequality, 
we obtain 

( ){ } { }dxfffffvfudxffx 341231
2

310 −−∇⋅∇−∇⋅∇−=−α≤ ∫∫ ΩΩ
 

{ }dxfffffvfu 341231 ++∇⋅∇+∇⋅∇= ∫Ω  

dxfvdxfu 31 ∇⋅∇+∇⋅∇≤ ∫∫ ΩΩ
 

dxffdxff 3412 ∫∫ ΩΩ
++  

222222 1231 LLLLLL fffvfu +∇∇+∇∇≤  

22 34 LL ff+  

222222 1231 LLpLLLL ffcfvfu ∇+∇∇+∇∇≤  

.22 34 LLp ffc ∇+  (3.28) 
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That is, 

( ){ } 2222 3111
2

311 LLLL fCvfCudxffxC ∇∇+∇∇≤−α∫Ω  

2222 314112 LLpLLp fCfcfCfc ∇+∇+  

2
3

2
1

22
1

2
1

2
2222 4

1
4
1

LLLL
fCvfCu ∇+∇+∇+∇≤  

2
3

2
1

2
4

22
1

2
1

2
2

2
2222 4

1
4
1

LLpLLp fCfcfCfc ∇++∇++  

2
3

2
1

22
1

2
1

2
2222 24

124
1

LLLL
fCvfCu ∇+∇+∇+∇≤  

.4
1

4
1 2

4
22

2
2

22 LpLp fcfc ++  (3.29) 

Using (3.29) in (3.24), we obtain 

2
3

2
1

2
1

2
1

22
22 224

3
LL

fCfCdxvdxu ∇+∇≤






 ∇+∇ ∫∫ ΩΩ

 

.4
9

4
9 2

4
22

2
2

22 LpLp fcfc ++  

That is, 

2
3

2
1

2
1

2
1

22
22 3

8
3
8

LL
fCfCdxvdxu ∇+∇≤∇+∇ ∫∫ ΩΩ

 

.33 2
4

22
2

2
22 LpLp fcfc ++  (3.30) 

Finally, we have 

{ } 2
3

2
1

2
1

2
1

2
3

2
1

22
22

2

3
8

3
8

LL

U

fCfCdxffvu

X

∇+∇≤++∇+∇

=

Ω∫ ������� 
������� 	�
 

2
4

22
2

2
22 33

LpLp fcfc ++  
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2
3

22
1

2
22 LpLp fcfc ∇+∇+  

{ }dxffffC 2
4

2
2

2
3

2
1

2 ++∇+∇≤ ∫Ω∗  

.22
XFC∗≤  

That is, 

.1
XXX FCUFA ∗

− ≤=  

Finally, using Theorem 2.1, we conclude that A is the infinitesimal 
generator of a oC  semi-group of contraction ( )( ) .0≥ttS  And so, the 

abstract Cauchy problem 

( ) ( ),0

,

ADUU

AUU

o

t

∈=

=
 

has one unique solution ( ) ( ) .: oUtStU =    

4. Exponential Stability 

Next theorem is the main result. 

Theorem 4.1. The oC  semi-group of contractions ( )( ) 0≥ttS  generated 

by A, is exponentially stable. 

Proof. We will use Theorem 2.2. First, we will prove 

( ) { }., RR ∈ββ=⊃ρ iiA   (4.1) 

Suppose (4.1) is false, then exists 0, ≠β∈β R  such that ( ).Ai σ∈β  

Since ( ) 1and0 −ρ∈ AA  is compact, ( ) ( ).AA pσ=σ  That is, the 

spectral values are eigenvalues. Then, ( ).Ai pσ∈β  

Let ( ) ( ) ,0,,,, ≠∈ϕ/= UADvvuU T  such that ( ) ,0=−β UAIi  i.e., 

.UiAU β=   (4.2) 
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Taking the scalar product of (4.2) with U, and taking its real part, we 
obtain 

,, 2
XX UiUAU β=><  

.0,Re =>< XUAU  

That is, 

( ) .02 =/−ϕα∫Ω dxvx  

Using definition of A, (4.2) holds if and only if 

,uiβ=ϕ   (4.3) 

( ){ } ,βϕ=ϕ−/α+∆ ivxu   (4.4) 

,viv β=/   (4.5) 

( ){ } ,vivxv /β=ϕ−/α−∆   (4.6) 

that is, uiβ=ϕ  and .viv β=/  

Multiplying (4.4), (4.6), respectively, by v/ϕ,  and integrating in ,Ω  

then using (4.3), (4.5), respectively, we obtain 

( ){ } dxvxdxudxi ϕϕ−/α+ϕ∆=ϕβ ∫∫∫ ΩΩΩ

2  

( ) ( ) ( ){ } dxvxdxuiu ϕϕ−/α+β∆= ∫∫ ΩΩ
 

( ){ } ,2 dxvxdxui ϕϕ−/α+∇β−= ∫∫ ΩΩ
 (4.7) 

and 

( ){ } dxvvxdxvvdxvi /ϕ−/α−/∆=/β ∫∫∫ ΩΩΩ

2  

( ) ( ) ( ){ } dxvvxdxviv /ϕ−/α−β∆= ∫∫ ΩΩ
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( ){ } .2 dxvvxdxvi /ϕ−/α−∇β−= ∫∫ ΩΩ
 (4.8) 

Adding (4.7) and (4.8), we have 

{ } ( ){ } .22222 dxvxdxvvui ϕ−/α−=/+∇+ϕ+∇β ∫∫ ΩΩ
 

That is, 

( ){ } .022 =ϕ−/α−=β ∫Ω dxvxUi  

Thus ,0=U  which is a contradiction since .0≠U  Therefore, ( ).Ai ρ⊂R  
Now, we will prove that 

( ) .suplim 1 ∞<−β −

∞→β
AIi   (4.9) 

Suppose (4.9) is false, i.e., 

( ) ,suplim 1 ∞=−β −

∞→β
AIi   (4.10) 

then exist sequences XVm ∈  and R∈βm  such that ( ) mm VAIi 1−−β  

.0, >∀≥ mVm m  

Thus ( ),Ai m ρ∈β  or equivalently ( ) ( ),1 XLAIi m ∈−β∃ −  that is, 

( )ADUm ∈∃  such that ( ) .1, ==−β mmmm UVUAIi  

So, we have 

( ) ,1
mmm VAIiU −−β=  

and 

( ) .
:
�� 
�� 	�

=

−β≥

mG
mmm UAIimU  

Then ,1 mm GmU ≥=  i.e., .1
mGm ≥  And taking ,∞→m  we get 

0lim =+∞→ mm G  on X. 
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Now, let ( ) .,,,: T
mmmmm vvuU /ϕ=  Then 

>−β<=>< mmmmmm UAUUiUG ,,  

.,2 ><−β= mmmm UAUUi  (4.11) 

Taking real part on inequality (4.11), we have 

,,Re,Re ><=><− mmmm UGUAU  

and then 

( ) ,0,Re2 →=≤><=/−ϕα∫Ω mmmmmmm GUGUGdxvx  (4.12) 

since ( ) ., 2dxvxUAU mmmm /−ϕα−=>< ∫Ω  Thus 

( ) .when02 +∞→→/−ϕα∫Ω mdxvx mm  (4.13) 

Now consider equality (4.11) and multiply by i, 

( )

.,,
0

2

2
�� 
�� 	��� 
�� 	�

→/−ϕα∫=

><=><−β−

Ω

mm

dxvx

mmmm UGiUAUiU

mm

 (4.14) 

Since 0, →=≤>< mmmmm GUGUG  and, from (4.13),  

02 →mU  when ,∞→m  we get to ,01 =  which is a contradiction. 

Thus, by Theorem 2.2, we conclude that ( )( ) 0≥ttS  is exponentially 

stable. 

We give another proof of (4.9). We know that ( ),Ai ρ∈β  then given 

XF ∈  exists ( )ADU ∈  such that 

( ) .FUAIi =−β   (4.15) 

Denoting ( ) ,,,, 4321
TffffF =  from (4.15), we obtain 
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,1fui =ϕ−β   (4.16) 

( ) { } ,2fvxui =/−ϕα+∆−βϕ   (4.17) 

,3fvvi =/−β   (4.18) 

( ) { } .4fvxvvi =/−ϕα−∆−/β   (4.19) 

Multiplying (4.16), (4.17), (4.18), (4.19), respectively, by vvu /∆−ϕ∆− ,,,  

and then integrating in Ω  and using Green’s identity, we obtain 

( ) ,1
2 dxfudxudxui ∇∇=∆ϕ+∇β ∫∫∫ ΩΩΩ

 (4.20) 

( ) ( ){ } ,2
2 dxfdxvxdxudxi ϕ=ϕ/−ϕα+ϕ∆−ϕβ ∫∫∫∫ ΩΩΩΩ

 (4.21) 

( ) ,3
2 dxvfdxvvdxvi ∇∇=∆/+∇β ∫∫∫ ΩΩΩ

 (4.22) 

( ) ( ){ } .4
2 dxvfdxvvxdxvvdxvi /=/ϕ−/α−/∆−/β ∫∫∫∫ ΩΩΩΩ

 (4.23) 

Adding these four equality, we have 

{ } ( ) dxvxdxvvui 22222 /−ϕα+/+∇+ϕ+∇β ∫∫ ΩΩ
 

( ) ( ) .4321 dxfvdxfvdxfdxfu /+∇∇+ϕ+∇∇= ∫∫∫∫ ΩΩΩΩ
 

That is, 

( ) .,22
XX FUdxvxUi ><=/−ϕα+β ∫Ω  

Taking its imaginary part and using Cauchy-Schwartz inequality, we 
have 

.,Im2
XXXX FUFUU ≤><=β  
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Then 

,XX FU ≤β  

that is, 

( ) ,11
XX FUFAIi

β
≤=−β −  

i.e., 

( ) .11
β

≤−β −AIi  
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